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For positive integers n, k,, kz,..., k,, t the probem: how many integer sequences 
(x1,x 2 ,..., xn) does it take such that 0 < xi Q ki for 1 < i & n and any two sequences 
agree in at least t positions is investigated. Moreover all maximal systems of 
sequences are described. Results of Livingston and Frank1 and Fiiredi are 
generalized also. 
1. INTRODUCTION 
Let I denote a set consisting of ki 2 1 elements of type i, i = 1,2,..., n. We 
assume l<k,<k,<..- < k,. For example, I might be a set of K = 
k,+k,+-.. + k, billard balls, ki of color i, i = 1, 2,..., n. We identify the 
subsets of I consisting of xi elements of type i with the vector 
x = (x1 ) x* )...) x,J and use 9 = Y(k,, k2,..., k,) to denote the B = (k, + 1) 
(k, + 1) ..a (k, + 1) subsets of I. 9 may be also be regarded as the set of 
divisors of pflpt2 . . . p:, where the pi are distinct primes and x is identified 
with the divisor p:‘p:’ . . . p?. The special case k, = 1 corresponds to I being 
an ordinary finite set with n elements and 9 being its 2” subsets or the 2” 
divisors of the square free number p1 pz . a. p, . 
A subset X of Y-in other words a set of subsets of I-is called a t- 
family if and only if any two vectors x and y agree in at least t components, 
i.e., for any x and y there exist t indices i,, i, ,..., i,, 1 < i, < i, < . . . ( i, ,< n, 
with xii = yij, j = 1, 2 ,..., t. 
In this paper we are concerned with the maximal cardinality of a t-family 
S on 9. In the case t > 1 we use essentially the results of Frank1 and 
Fi.iredi [3]. We also characterize the extremal families. In the case t = 1 we 
generalize a result of Livingston [6], who considered only k, = k,, but ‘we 
also have a very simple proof of the Livingston special case. A related result 
in the case k, = k, is due to Moon [7]. 
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2. NOTATIONS AND RESULTS 
Before we state the results we introduce for convenience some further 
notations. 
(1) r(Y) = max{i : k, = k,}. 
(2) If ii= (ij,i, ij,* ,..., ij,r,) is a vector with 1 < ij,, < ij,2 < -es < ij,rj < n 
and 
for j = 1, 2,..., m, then define 
F(y, {(4, a,>, (i2, a2),..., G,, a,>)> 
= jcl* 1(X1~%V..~ XJ : xii,, = aj,, for I = 1, 2 ,..., rj and 
O<x,<k,ifl& {i. i. J.l 9 5.2’“” ij,rj} 1’ 
For example, 
--F(Y, {(Cl, L, n>, (0, o,..., O))}) = ((0, o,..., O)}, 
-.-qY, {(L O)}) = {(O, x2, x3,..., x,) : (x21 x3,..., x,> 
E p(k,, &,..v k,)l. 
(3) If k, = 1, then let j’J,* denote the set of all families ~2 of vectors of 
Y(1, l,..., 1) with (x1,x 2 ,..., x,J E AS?’ if and only if (x, + 1, x2 + l,..., 
x, + 1) & -oP, addition modulo 2. 
Now we are able to state our results. 
THEOREM 1. If X is a 1;family on 9(k,, k, ,..., k,), then 
IX1 < (k, + l)(k, + 1) a.- (k, + 1). (1) 
This result is also by Berge [ 11 and Hsieh [4], but we give our own very 
simple proof. Inequality (1) is best possible; see Theorem 2. In fact, our 
proof of Theorem 2 contains a further proof of Theorem 1. 
THEOREM 2. If X is a maximal l-family on Y(k,, k, ,..., k,), then 
k, = 1: X=X 9, u (((1,2 ,..., for some 3f E If,*, 
AEd 
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k, > 2: X =X(9, {(i, a)}) for some i E (1,2,..., r(Y)} and 
for some a E {0, I,..., k,}. 
We can derive also a result on p-wise agreements, p > 3. 
THEOREM 3. Let X be a family on P(k,, kz,..., k,) such that any p 
(p > 3) vectors x1, x1 ,..., x,, have a component in common, i.e., x~,~ = 
X 2,s = a-* =xp,$ for some s E { 1, 2 ,..., n}. Then 
j-%-G (k, + l>(k, + 1) .+a (k, + 1) 
and if X is maximal, then 
X =X(9, {(i, a)}) for some i E { 1,2 ,..., r(Y)) and 
for some a E {0, l,..., k,}. 
Now we generalize a result of Frank1 and Fiiredi [3] (k, = k,) to 9. 
THEOREM 4. Let t > 15 and let n < t + 1 or k,, 1 > t. If X is a t-family, 
then 
1x1 G (k,,, + l)(k,+, + 1) ..a k + 1). 
If% is maximal, then X =F(9, {((iI, i, ,..., it), (a,, a2 ,..., a,))}) for i, = 1, 
i, = 2 ‘...Ja(~,t)- 1 = a(Y, t) - 1, a(Y, t> < ia < ia(Y,t)+ 1 < -** < i, < 
,6(9, t), where a(P, t) = min{i : ki = k,,,} and ,8(Sa, t) = max{i : ki = k,,,}, 
and for some (a,, a2 ,..., a,) E Y(k,, k, ,..., k,). 
Remark 1. In the k, = k, case Frank1 and Fiiredi have “if and only if’ 
anstead of “if,” but the converse is not true here in general. See the following 
example. 
Let n = t t 2. X1 denotes the family defined in Theorem 4. Then IX, / = 
(k,,, + l)(k,+, + 1). It is easy to check that the only other maximal family 
( i.e., no vector may be added) is X,: where X, contains all vectors 
x E SP(k, , k, ,..., k,,,) which agree in at least t + 1 components with a given 
vector a E P(k,, kz,..., k,+*). Then IX,] = k, + k, + ... t k,,, + 1. If 
kl+l>t, then we have in fact 1X,1-IX,I=k,+,k,+,-k,-k,- ... -k,> 
tkt,, - tk,>O. If k,,, < t, then we can have IX,/ - [.%,I s 0, e.g., for k, = 
k,= . . . = k, and k,, r = k,,, and k:, i $$ tk,, i.e., k,, i 5 6, respectively. 
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3. PROOF OF THEOREM 1 
To every vector x = (x2, x3 ,..., x,J E Y(k,, k, ,..., k,) we associate k, + 1 
vectors of Y(k,, k, ,..., k,), namely, 
(i, x2 + i, x3 + i ,..., x, t i), i = 8, l,..., k,, (2) 
where the addition of the jth component is modulo kj. This gives a 
partition of Y(k,, k 2,..., k,) and any two vectors associated to the same x 
agree in no component by k, <k, < aa- <k,. Hence IX/ < l/(k, + 1) X 
I y(k, > kz,..., k,)j = (k, + l)(k, f 1) ..a (k, t 1). This is best possible; see all 
vectors of (2) with a fixed i. 
4. CANONICAL FAMILIES 
To prove the other results we need some preliminaries. Let S be a t- 
family on Y. We transform X into a canonical t-family. This is derived by 
a transformation used first by Kleitman [5]. Let 1 < i < n and let 0 <j, 
I< k,. For a vector (.x1, x2 ,..., x,J E X we define 
if this vector is not in X and xi = j, xl = 1, 
otherwise. 
It can easily be checked that ri,j,l(X) = { Ti,j,lCX) : x E X} is a t-family and 
has the same cardinality as S. 
Repeated application of the transformation yields a system g’(X) whose 
vectors have also pairwise at least t components in common, \57(S)l= IX/, 
and for which we have 
Ti, j,l(@Cx)) = v(x> 
for l<i<n, Q<l<j<ki. (3) 
That means, with a vector x we have also all vectors y in q(S) with y < x 
(yi < xi). Let us associate with every x = (x1, x2,..., x,) the set B(x) = 
{i : xi = 0). The following proposition was proven in [3]. 
PROPOSITION 1. The family 23(97(X)) = {B(x) : x E ~(37)) is t- 
intersecting, i.e., / Y, n Y, 1 > t for any Y, , Y2 E .9(GT(X)). 
By the maximality of X we have 
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PROPOSITION 2. S = UrE9cqcmg)) {x = (x1, x2,..., x,J : 1 < .~i < ki for 
i& Yandxi=Ofor iE Y} and 
where the maximum is taken over all t-intersecting families 9 on { 1,2,..., n}. 
For k, = k, (4) reduces to 
By the canonical form 53?(X) of X it follows also that 9(%7(X)) is an 
ideal, i.e., YE 9($??(X)) and Z 3 Y imply Z E .9(@(X)). Let 9*(%7’(X)) 
be the basis of 9(%?(X)), i.e., 9*(@(X)) = {Y : YE &??(g(X)), Y 75 Z for 
all Z E 53(@7(X))}. Obviously, 3’*(9?(X)) is a nonempty t-intersecting 
Sperner family, i.e., YGZ for all Y, ZEXf*(~(X)), YfZ. Then 
Proposition 2 can also be given in the following form. Let X be maximal 
again. 
PROPOSITION 3. X =F(9, UyEp ((Y, (0,O ,..., O),,,)}), if we write Y 
as a vector. 
5. A LEMMA 
Lemma. Let 1 < i, < i, < ..- < i, < ~(9’) and let k, > 2 if t < z(9). Let 
X be a maximal t-family on 9(k,, k, ,..., k,). Then X =.F(,i”, { ((i,,i, ,..., i,), 
( a,, a2 ,..., a,))})for some (a,, a, ,..., a,) E 9(ki,, kiZ ,..., kit) if and only if 
g(s) =x(9, { ((4, i, ,..., it>, (0, O,..., 0)) I>. 
ProoJ Obviously, the structure of 37 implies that of +?(X). Now let 
Vx> =y(Y, {((iI, i2,..., it>, (0, O,..., O))}). Consider a particular vector x0 
of 5. Let a,, a2 ,..., a, be the component of the i,th, i,th,..., i,th coordinate, 
respectively. Then (a,, a2 ,..., a,) E 9(ki,, kiz ,..., ki,). For an arbitrary vector 
x let ‘i,,i, ,..., i, denote the vector obtained from x by omitting the i,th, i,th,..., 
and i&h coordinate. Let 
We need one more proposition. 
PROPOSITION 4. If there are x, y E 5 with Xi,,i *,..., j, = yf,,ilL ,..., ii, then 
there are x’, y’ E g(x) with Xi,,i *,.,., i,=Yfl,i *,..., i,’ 
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It is sufficient to show that 7’i,j,,(X) has that property too. More 
precisely, we have it only to show for i E { 1, 2 ,..., n}\{ii, i, ,..., it} and 
j = xi = yi and for a certain EC j Ti,j,l exchanges exactly one of the vectors x 
and y, say x. Then y’ = (yi ,..., yipi, Z, yi+, ,..., JJ,) belongs to X as well as to 
Ti,j,l(X). But we have xi,,i *,..., i,= yi’,,i *,.,., i, for X’ = 7’l,j,,(x)* Since 
x. t1./2 ,..., ir + Yi,,i, ,..., i, for all different 
Y&j, k; ,..., k;-,) with 
X, y E (g(Z))i,,i,,...,i,= 9’ = 
Proposition 4 implies x~,,~~ ,,,., it # yi,iz ,.... i, for all different x, y E X and 
&l,i2...,.it = y’* (6) 
If j? z 9 = Y(k,, k, ,..., k,), k, > 2, then let 
dYw) = {x E 9 : x and y agree in no coordinate for some y E p’). 
Now let us return to x0. Consider d~,({~~,,~,,...,~,}). Since 37 is a t-family, all 
vectors x E X with x~,,~ *,..., i, E ~I,,({xiq,~~ ,,,., ;,}) must have a, and i,th, a, as 
i,th,..., and a, as i&h coordinate. Analogously, all vectors x E X with 
x. I,,Q ,..., i, E d~sy’(dY~D’({xPl,i2 ,..., i, })). But since k, > 2 if t < r(9) we have 
k; > 2 always and to every pair x, y E 9’ there exists a vector z E 9’ 
which agrees in no coordinate with x as well as y, e.g., 
with 
zi = 0, if min(x,,y,) > 1, 
= 1, if min(xi,y,) = 0 and max(x,,yJ > 2, 
= 2, if min(x,, JJJ = 0 and max&, yi) < 1. 
Hence, 
and the i,th, i,th,..., i&h coordinate is determined uniquely, always, 
6. PROOF OF THEOREM 2 
We divide the proof into two parts. Let .X be a maximal l-family on 
.Y(k, , k, ,..., k,). 
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(1) k,=k,. If k, = 1 the statement of the theorem follows 
immediately. Let k, > 2. We consider SF(X) of a maximal X. If 
9*(@(X))= {{a}} for some a E {1,2,..., n}, then Propositions 3 and 4 
imply the desired result. Since .9*(5?(X)) is nonempty we now have / Y] > 2 
for all YE .9*(%?(X)) G .58(%7(X)). 
Denote s= {Y : YE { 1, 2 ,..., n}, ] Y] = i}, i = 0, 1, 2 ,..., ~1. 9(%7(X)) 
contains at most one set of every pair (Z,, Z,) of complementary sets. 
Hence. . 
If i < n/2, then 
by the well-known Erdos-Ko-Rado Theorem [2] since 9(5F(X))n& is 
intersecting. According to (5) we have to maximize the number of members 
of 9$%‘) n5, since of every pair of complementary sets (Z,, Z,) with 
Z, E 6, Z, E Fnpi, and i < n/2, Z, gives a summand k:-’ while Z, gives a 
summand ki only. Thus we have to choose for i < n/2 
and consequently 
Hence, 
and 
k:-‘- k;-‘+ k, = (k, + ,),-I -k;-’ + k,. 
k, > 2 and n > 2 imply that the families described in the theorem are the 
only maximal ones. 
In fact we proved that the maximal size of a l-family X with / Y] > 2 for 
all YE 9(g(X)) is (k, + l)“-’ - k;-’ + k, in the k, = k, case. 
286 HANS-DIETRICH 0. F. GRONAU 
Families yielding equality are easily found, e.g., 
x 
( 
9, ii {(Cl, 4, 640))) u (((293 T..., n), (090 
i=Z 
Remark 2. In the case k, < k, we have not been able to describe these 
maximal sizes, but it turned out that there are many different structures 
dependent of the distribution of the k;s. 
(2) k, < k,. We use induction on m = CyZ=2 (ki - k,). If m = 0, then 
we have the previous case. Now let m > 0. Let X be a maximal l-family on 
Y(k,, kz,..., k,). We consider I. Since m > 1 and z(P) < n - 1 we 
have 
kv, < b?~f 1. 
Let g(s) =X1 Ux2 with Xi G Y(k ,,..., kSel, k, - 1, k,, ,,..., k,) and 
X2= {(xl ,... , xs-,, k,, xs+l,..., xn) : (x1,..., xs-1, xs+l,..., x,) E Y(k, ,..., 
k &l,..., s-1, k,)}, where s = r(Y) + 1. Both, ix, and ZZ are l-families. By 
the induction hypothesis, note k, < . . . < k,- 1 < k, - 1 < k,, 1 < ‘. . < k, , we 
have 
IS, I< (k, + l)(k, + 1) ..a (k,-, + 1) k,(k,+, + 1) ... (k, + 1) 
and 
lXzl< (k, + l)(k, + I) ... (k,-, + l)(k,+, + 1) ... (k, + 1). (7) 
On the other hand we know I~I=l~(~)I=l~,i+lx,i=(k, + 1) 
(k, + 1) a.. (k, + 1). Hence in (7) equality must hold. Since g(5) is 
canonical, q(<X) contains, with a vector 
( x1 3 x2,..., x,-, 2 ks,xs+l,..., x,J E-%2, 
the k, vectors 
( Xl, x2,..., x,-, , I, x,+ I,..., 47) with i = k, - I,..., 1, 0. 
These are exactly the vectors of C&; see the sizes. 
Furthermore by the hypothesis for the case k, > 2 
.&=fl(Y(k,,k, ,..., kS--,k+l,...,k,), {(CO)}) 
for some i E (1, 2,..., s - 1 }. Hence G?(-X) =X(9’, {(i, 0))) with the same i 
and the structure of Z follows by the lemma. The case k, = 1 follows 
analogously. 
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7. PROOF OF THEOREM 3 
Let p > 3. If k, > 2 all is proven by Theorem 2. Let k, = k, = 1. Then 
I%/ = IG?(X)~ = I9(57(X))i and J?@?(X)) is a p-wise intersecting family. 
By Erdos, Ko, and Rado [2, p. 320) it is known that J9(g(X))J < 2”-’ 
with equality if and only if 9(%‘(Z)) = {Y: {i} E Y 6 { 1, 2,..., n}} for some 
i E {I, 2 ,..., n}, i.e. 
g’(Jq =.qY(L l,..., 11, {(i, O)]) for some i E { 1, 2 ,..., n}. (8) 
The families Z =X(9(1, l,..., l), ((i, a))) for some i E { 1, 2 ,..., M) and 
a E {0, 1) have @(X) described in (8). Since the vectors of ($?(Z))i are 
pairwise different the vectors of X do so by Proposition 4. There are vectors 
x and y in s with xi and yi agree in no coordinate. Then they must have the 
same ith coordinate, say a, a E {0, 1). Thus by the p-wise agreement all 
other vectors must have also a as ith coordinate. For the case k, = 1 < k, 
we use the second part of the proof of Theorem 2 identically. 
8. PROOF OF THEOREM 4 
If y1= t or n = t + 1 the theorem is trivial. Let II > t + 1 and k,, , > t > 15. 
(1) If k, = k, > t > 15 for a maximal t-family .X Frank1 and Fi.iredi 
[ 3 ] proved 
for 1 < i, < i, < .-. < i, < n. 
Our lemma implies the structure of .Z. 
(2) k, < k,. Let $9) > t + 1, i.e., k, = k, = .e. = k,,, > t, but 
k, > k,. Noting cz(.9’, t) = 1, /?(5“, t) = z(,i”). Then we use the second part 
of the proof of Theorem 2 identically. 
(3) Let k,,<k,<.ae Sk, arbitrary with k,,, > 1. The families 
described in the theorem have the same size as maximal families in case (2). 
Obviously, all families maximal in case (3) are also maximal in case (2). 
Hence we have only to put the maximal t-families of case (2) which belong 
to P(k,, k, ,..., k,) according to case (3). 
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